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ABSTRACT: We derive the Eshelby stress tensor, the angular momentum tensor and the 
dilatational vector flux for micromorphic elasticity. We give the corresponding balance 
laws and the J, L, and M integrals. Also we discuss when the balance laws become 
conservation laws. 
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1 INTRODUCTION 

Conservation and balance laws are a very important research field in theories of elasticity, 
generalized elasticity, material science and engineering science [1]. Each infinitesimal 
symmetry group of the strain energy is associated with a conservation law 

In this paper we consider the microcontinuum field theory of micromorphic elasticity. 
A micromorphic theory can be used to model materials with microstmcture. A micro- 
morphic continuum, as we consider, is built up from particles which possess an inherent 
orientation. It possesses twelve degrees of freedom: three translational ones and nine ones 
of the microstmcture (rotation, shear, dilatation). 

It is the purpose of the present paper to derive balance and conservation laws for micro- 
morphic elasticity. We take account for material inhomogeneity, anisotropy, body forces 
and body couples. Also we will discuss the corresponding J, L and M integrals. 



2 MICROMORPHIC ELASTICITY 

We consider the theory of micromorphic elasticity ^ El. Micromorphic elasticity views 
a material as a continuous collection of deformable particles. Each particle is attached with 
a microstmcture of finite size. In addition to macro-deformations, we have to consider 
micro-deformations in order to describe microstructural effects (micro-rotation, micro- 
dilatation and micro-shear of the microstmcture). The basic macro-field is the displace- 
ment vector u(x) and the basic micro-field is the so-called micro-distortion tensor <fi(x). 
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Let the strain energy density of micromorphic elasticity be of the forrrfl 

W = W(xi, u a ,(j) al 3,u a ^, cj) a p,i). (1) 
The Euler-Lagrange equations are obtained according to 

dW dW 

E ^ w) = d^-^^r-^ (2) 

dW dW 

where D; is the so-called total derivative |01 

_ d d d d 2 d 

L>i = h U a i h U a ,ij 1- (p a /3,i 7£T h Pa/3,ij 7£7 h . . . . (4) 

OXi du a ou a j d(p a p o<Pap,j 

In linear micromorphic elasticity, the strains are related to a displacement vector and a 
micro-distortion tensor according 

Ikl — Uk,l ~ 4>kU % e kl = 4>kl + 4>lk, Kklm = <Pkl,m- ( 5 ) 

Here jki, e k i and Km are the relative distortion, the micro-strain and the wryness tensors. 
Using the strain tensors, the strain energy density with external sources is of the form 

W — - tkljkt + 7; s kieu + 7; m ijkKijk - u a F a - <t> a f)L a p. (6) 

For linear and anisotropic micromorphic elasticity, the constitutive relations for the stresses 
are 

dW 

Uj = g— = Aijkllkl + Eijkiekl + FijklmKklm, (7) 

dW 

Sij — -7^— — Eklijjkl + BijklCkl + Gijklm^klm, (8) 

dW 

TFlijk — "7^ — Flmijk^yim ~t~ Glmijk^lm ~t~ Gijklmn^'lmn (9) 

OKijk 

with Sij — Sji. Here tij is the force stress tensor, Ski is the micro-stress tensor and mki m 
is the stress moment tensor. The tensors A ijk i, Bijki, Cijkimn, E ijk i, F ijk i m and Gijklm 
are constitutive tensors. They fulfill the symmetry relations: 

A-ijkl — -Aklij 5 -Bijki — Bklij — Ejikl — Bijlki Cijkimn — Czmmjfc > 

Eijkl — Ejikl, Gijklm — Gjiklm- (10) 

The external body forces F a and body couples L a p are defined by 

dW dW 
F a ;=-—, L a0 :=-——. (11) 

du a dcpap 

Therefore, the forces and couples are conservative. In addition, the Lagrangian may depend 
explicitly on xi. In this case, the material force (or inhomogeneity force) is defined by 

r ~. (12) 

OXi 

which is caused by material inhomogeneities. 

Using eqs. (fJJ and (O, the Euler-Lagrange equations read in terms of the canonical 
conjugate quantities: 

Dit ai + F a =0, (13) 
Dima/jj + (t a p - s a p) + L aj3 = 0. (14) 



'The usual notations Aj = 8A/(dxi) and A = 8 A/ (dt) are used. 
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3 TRANSLATIONAL, ROTATIONAL AND DILATATIONAL 
FLUXES 

In micromorphic elasticity the flux is given by 

dW dW ( dW dW \ 
At = U a + <5> af} -7^— + XiW - Xj ( u aJ + <f> af)tj — ] . (15) 



Here the infinitesimal generators are defined by 



Xi{x,u,4>) := 



de 



, U a (x,u,4>) 



e=0 



de 



, $ a p(x,u,<f>) :- 



u a0 



£ = 



0e 



and the group action is of the form 



x' i =Xi + eXi(x, u,4>) H , 

u' a = u a + eU a (x,u, cf>) H , 

4>' a p = 4>aii + e$ a p(x, u, 4>) H , 

where e is a group parameter. 

3.1 Translations 

The translation in space is given by the formulae: 

X • = Xi + e k S ki , u' a = U a , flap = <?W- 

The corresponding generators of infinitesimal transformations are 

x ki = S ki , U a = 0, $ Q(3 = o. 

Using eqs. (fl~5T > and (f2TJ, the translational flux is given by 

P WA 9W J, dW 
fki = WO k i - U a: k q <Pa/3,fc 



e=0 

(16) 



(17) 
(18) 
(19) 



In terms of stresses it reads 

Pki = WSki - U a ,k t a i - 4>a/3,k m a ,3 

Eq. (l23l is nothing but the Eshelby stress tensor for micromorphic elasticity J6l Q 



(20) 



(21) 



(22) 



(23) 



3.2 Rotations 

The three-dimensional group of rotations acts in the space of the independent x and depen- 
dent variables u and <fi. Its infinitesimal action is given by: 

x'i = Xi + CkjiXjek, U a = U a + £kf3a u p£k, 4> a /3 = + e kja4>j/3 £ k + ^kjp4>aj £ k- 

(24) 

Eventually, the infinitesimal generators are easily obtained 

Xik — iikjXj, U a k = Cak/lUp, &a/3k = ^akj<f>j0 + £/3kj<j>uj- (25) 
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If we use eqs. ( fT3T > and d25l ), the rotational flux is given by 

( dW , dW dW 
Mki = e k jiXjW + e kja Uj - h (pji — h (pij 



du a .i d4>al.i d4>la, 

dW dW \ 

€ k jnXj U a , n q 1" <Pa0,n TT7 ■ ( 2 «) 

4 du a ,i 04> a j3 t iJ 



In terms of the Eshelby tensor (1231 and the stress tensors we obtain 

M ki = e k j n {xjP n i + Uj t m + <j>ij mi m + 4>ji m n u) . (27) 

It is the total angular momentum tensor. It can be decomposed into the orbital and intrinsic 
(spin) angular momentum tensors 

M ki =M% + Mf i . (28) 
The orbital angular momentum tensor reads 

M$ = e kjn XjP ni . (29) 
The intrinsic (spin) angular momentum tensor is given by 

M ki = £fe J« (ujtm + <t>li m im + <Pjim„u) . (30) 

3.3 Scaling 

The scaling group acts in infinitesimal form on the independent and dependent variables 

x' l = {l + e)x l , u' a = (1 +ed u )u a , <p' a/3 = (1 + ed^)<f> a p, (31) 

where d u and d$ denote the (scaling) dimensions of the displacement vector u and the 
micro-deformation tensor <fr. The infinitesimal generators are given by 

Xi = Xi, U a = d u u a , $ Q(3 = d$ct>ap, (32) 

where 

a n ~ 2 a n rii\ 

«u — 2 — ' ^ — — 2' 

and du = n. If we substitute ( 1321 into ( fT~5b . we obtain for the scaling flux 

Yi = XiW + (d u u a - x k u a , k ) h (d^ap - x k (/) a f3 yk ) — . (34) 

In terms of the stress tensors the scaling flux reads 

Yi = XjPji + d u Uj tji + d^ji rrijii. (35) 

4 BALANCE AND CONSERVATION LAWS 

We now turn to the discussion of the properties of the fluxes. The information of a symme- 
try defined by the transformation law of the fields lies in the properties of the divergence of 
the corresponding currents. If the divergence is zero, we speak of a conservation law. If it 
is not zero, we have a balance law. 
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For micromorphic elasticity we obtain with the corresponding Eshelby stress tensor ( l23| >, 
total angular momentum tensor (|27T i and scaling flux vector (|35l l the following balance laws: 



ViPki = ~fk\ (36) 

D-jAf/^ ^-kjni^iij^in Tj'i ^^ij^iji ~i~ ^ijl ^Flijil ~r~ ^j'Zi TTlnli H" ^/ij Tallin) 

- efein (^/,T h + + ^jiini + 4>ijL in ) , (37) 

DjFi = -K Q/3i m Q/3i - Xj/- n h — u a F a - - 4> a pL al3 . (38) 



Eq. (1361 1 follows essentially from the lack of translational invariance and it can be called 
the canonical momentum balance law. In eq. ( f37T > the terms in the first parentheses on 
the right hand side vanish if the micromorphic material is isotropic [6]. The other terms 
on the right hand side are resulting vector moments caused by inhomogeneities, external 
body forces and couples. Eq. (l37l > may be called the canonical angular momentum balance 
law. The source terms in eq. (l38l are 'scalar moments' breaking the scaling symmetry. 
The fist source term breaks the dilatational symmetry due to the stress moment tensor 
rriijk- Additional source terms appear which account for material inhomogeneities, external 
forces and couples. Eq. (|38l can be called the scalar moment of momentum balance law. 
In integral form we obtain the J, L and M integrals of micromorphic elasticity: 

Jk = I P kt n l S = - f /fV, (39) 
Js Jv 

JS JV 

+ KUj mun - (xjflf 1 + UjF n + <j>jiL n i + 4>ij L in )] V, (40) 

r r n _|_ 2 n 

M = J Y t n t S = - J (K af3i m afs% + xjf 1 + — — u a F a + - 4> a pL af} ) V. (41) 

For an isotropic material with vanishing body forces, body moments and material forces 
we obtain: 



Jfe = / PkiniS = 0, (42) 
Js 

L k = [ M ki m S = 0, (43) 



A' 



M = YiriiS = - / K Q( 3iTO Q /3iY- (44) 
Js Jv 

Thus, in this case the J and L integrals are zero and the Eshelby stress and total angular 
momentum tensors give conservation laws because the are divergence-less. On the other 
hand, the M integral is non-zero because the term rriijk breaking the scaling symmetry 
survives. Therefore, it is not a conservation integral. 
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